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Abstract

Damage weakens the mechanical characteristics of materials[ But this weakening can disappear if the
cracks close again] this is called the unilateral e}ect of damage[ We propose a model of this phenomenon
using damage mechanics in the case of a di}use network of identical microcracks[ The microcracks| state is
de_ned with two internal state variables[ These two variables are control parameters of the geometry of the
microcracks[ They also de_ne the loading mode in damage mechanics as in fracture mechanics[ In order to
limit the anisotropy induced by the microcracks\ hence by the loading\ we suppose that the geometry of
damage spreads into preferential directions[ Therefore\ this model is essentially applied to materials with a
strong anisotropy where the defects follow the constituents of the material[ An application is given for
composite laminates[ Þ 0888 Elsevier Science Ltd[ All rights reserved[

0[ Introduction

In the case of compression loading\ the cracks in a material induce particular e}ects on its
behaviour[ Since oriented cracks perpendicular to the direction of compressive loading close again\
the rigidity of the damaged material can be restored[ This is explained by the disappearance of the
e}ect of damage from traction to compression] this is de_ned as the passive:active damage or as
the unilateral e}ect of the damage[ In the case where the cracks are not perpendicular to the
compression loading\ the crack lips are either opened or closed when sliding occurs[ In both cases\
the behaviour of the material is a}ected[ In this paper we propose a model of this phenomenon in
the case where the damage is a di}use network of identical microcracks[ We show that a de_nition
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of the loading mode in damage mechanics\ as in fracture mechanics\ allows to take into account
the unilateral e}ect of damage[

1[ Bibliography and description of the model

In the case of isotropic materials\ several models exhibit important incompatibilities with the
principles of the mechanics of a continuous medium and of damage mechanics[ Based on scalar
"La Borderie et al[\ 0878#\ on vector "Krajcinovic and Fonseka\ 0870# or on tensor "Ramtani\
0889# descriptions\ they do not take into account the anisotropy induced by the damage and
simultaneously give a continuous stress:strain relationship[ However\ by the use of many assump!
tions\ other approaches succeed in meeting all the requirements[ We can mention the work of
Chaboche "0881#\ but in this case\ since the direction of the damage depends on the loading\ it is
necessary to de_ne the {principal directions of the damage|[ The problem is that the arbitrary
de_nition of these directions leads to di}erent results[ For the same materials\ we can also mention
the works of Andrieux "0872# and for composite materials the works of Allen et al[ "0875# and
Lee et al[ "0878# which are based on a microscopic description of the default[ Although these
approaches are very complete and _ne\ they seem di.cult to apply because the needed identi!
_cations are di.cult to achieve[ But\ they are used here to give a qualitative physical support to
the proposed model[

In a general way\ to simulate the unilateral e}ect of the damage\ all models distinguish the
traction and the compression domains[ By using two scalar state variables\ our approach avoids
this separation which creates discontinuities[ These two variables de_ne the loading mode for a
di}use network of identical microcracks in damage mechanics\ in the same way as for macroscopic
cracks in fracture mechanics[ They are also indicators of the geometry of the microcrack lips[ This
is the reason why the proposed model]

, uses a single state function the classic form of which always induces the symmetry of the stress
tensor^

, takes into account the unilateral condition of damage^
, leads to a continuous behaviour tensor the transition from traction to compression path[

Finally\ it is important to point out that the e}ects of damage modify all the components of the
behaviour tensor "Thionnet and Renard\ 0882#[ A dual formulation can be found in the works of
Aussedat et al[ "0884#[

2[ Mechanical framework\ hypothesis and _eld of application

The main di.culty in modelling the damage is linked to the fact that the induced anisotropy
depends on the loading direction[ Here\ we partially avoid this di.culty by supposing that the
geometry of damage spreads into preferential directions[ It is the case of composites with strong
anisotropy where the defects follow the direction of the constituents of the material[ Thus\ while
considering the fact that the loading acts on the direction of the damage\ we limit its e}ect by
taking a material with an initial anisotropy which evolves weakly[
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For this reason\ we illustrate our study by the analysis and the modelling of the microcracking
phenomenon in laminate composite materials[ The concept of stacking disoriented plies to form a
laminated structure allows us to develop a model for the unidirectional ply "mesoscopic scale#\
only with the help of local information[ A multi!scale procedure between the laminate "macroscopic
scale# and the ply allows us to calculate the mechanical response of any laminate subjected to any
multiaxial loading[ We suppose the unidirectional ply built from an initially orthotropic material[
We show that the particular geometry of the damage\ implies that the material becomes only
monoclinic[

The multiple microcracks which are supposed to be identical in a damaged ply\ lead us to use
damage mechanics[ Thus\ we substitute the damaged material by an equivalent one made of an
homogeneous material[ It is important to note that the damage has to homogeneous in order to
apply our modelling[ A state corresponding to little damage is a limit of the model[ Moreover\ we
suppose that]

, The microcracks are opened or there is no friction in the case of contact between their surfaces[
, The appearance of the microcracks does not induce residual stresses which keep energy within

the material[ This seems to be a di.cult hypothesis to justify\ but\ in the case of the considered
materials\ the analysis of their responses for cyclic loading shows that the irreversible strains\
which prove the existence of residual stresses\ are very weak[

, The appearance of the microcracks and their quasi!complete propagation are simultaneous[ As
a consequence\ in the present work\ we are interested in the multiplication of the microcracks
and not in their propagation[

The local Cartesian coordinate system of the ply is "O\ e0\ e1\ e2# "Fig[ 0a#] the "Oe0# axis along
the _bre direction\ "Oe2# along the thickness direction and thus "e0Oe1# is in the plane of the ply[
In order to simplify the model\ we use the hypothesis of plane stresses[ This is the case of thin
structures in the direction of their thickness[ This simpli_cation does not change the generality of
the study[

To obtain thermodynamically admissible evolutions\ the local state hypothesis is considered[ Its
main purpose is to postulate that a given number of variables\ called the state variables\ is su.cient
to describe the representative elementary volume of the material equivalent to the damaged
material[ The evolution of these variables must satisfy the second principle of thermodynamics[

To build our model and to explain the di}erent choices made during the study\ we use microscopic
considerations[ However\ our purpose is not to build a microscopic model "at the scale of the _bres
and the matrix# but a mesoscopic model[ Also\ the microscopic considerations although essential
are only qualitative[

The experimental microscopic observations of Purslow "0870\ 0875# explain that the microcracks
which\ at the scale of the ply\ seem to follow the _bres cannot in fact be modelled in a _xed plane[
Further\ the works of Andrieux "0872# show how internal variables appear in the mesoscopic state
function to account for the presence of the microcracks and the discontinuities that they induce[

Concerning tensor notation\ Voigt| notation is chosen[ Thus]

, the plane components of the stress "s# and strain "o# tensors are respectively written si and oi

where i � 0\ 1\ 5^
, the plane components of a fourth order tensor t of orthotropic behaviour are written tij where

i � 0\ 1\ 5
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Fig[ 0[ Geometries of the microcracks[

3[ Physical analysis of the damage] vectorial description of the evolutive geometry of microcracks

Geometrically\ the microcracks occur all along the height of the cracked ply in a plane which
contains the "Oe2# and "Oe0# axis\ whatever the direction of solicitation[ This last property mainly
characterizes the materials showing strong anisotropy contrary to isotropic materials\ the damage
of them is guided by the applied loading[

In previous work "Thionnet and Renard\ 0882#\ based on Talreja|s works "Talreja\ 0874#\ the
microcracks were vectorially described by a vector perpendicular to their plane[ Moreover\ this
direction was assumed to be _xed and parallel to the "Oe1# axis[ Indeed\ we supposed that the
microcracks were geometrically located in an average plane which contains the "Oe2# axis of the
thickness and the "Oe0# axis of the _bres whatever the solicitation was[

However\ a closer description of the phenomenon shows that the microcracks behave di}erently
according to the submitted loadings[ Thus\ their fracture surfaces can be "Fig[ 0a#]

, case "a# opened "mode 0#[ In this case\ the microcracks are in the "e0Oe2# plane and therefore the
normal vector to the microcracks is colinear with the "Oe1# axis as well as the displacement vector
of their lips^

, case "b# slid one over another "mode 1#^
, case "c# in a mixed con_guration of the two preceeding possibilities[ In this case\ the microcracks

are in an intermediate state between mode 0 and mode 1[ Purslow|s observations "Purslow\ 0870#
"Fig[ 1# on a 89> carbon:epoxy specimen show\ during shear loading\ the existence of multiple
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microcracks within the matrix which are not in the "e0Oe2# plane[ Then\ the normal vector to the
microcracks has two non!zero components as well as the displacement vector of their lips[

Thus\ the information arising from cases a\ b and c explains why the microcracks have to be
taken into account at the mesoscopic scale with a non!_xed direction[

Then\ considering a volume element dV of material with F plane cracks[ We can characterize
each crack "k# by the following vector "in the local frame of the ply#]

v"k#
**:

� D"l "k#\ L#

F

H

H

H

H

H

f

v"k#
T � gcrack

ððuTŁŁ

v"k#
N � gcrack

ððuNŁŁ

9

J

G

G

G

G

G

j

"0#

where] ððuTŁŁ and ððuNŁŁ are the tangential and normal displacement discontinuities on the micro!
crack lips "Fig[ 0b#^ D is a scalar function^ l "k# denotes a characteristic size of crack k
"length\ area\ [ [ [ #^ L denotes a characteristic size of the volume element "length\ area\ [ [ [ #[ Among
these F vectors\ it is natural to consider the case where several are combined[ The cracks are then
classi_ed in N subfamilies as follows]

, n0 cracks characterized by the vector v"0#
*:^

, n"i# cracks characterized by the vector v"i#
*:^

, n"n# cracks characterized by the vector v"n#
*:[

Then the damage vector]

V"i#

*:
�

0
n"i#

s
n"i#

i�0

v"i#
*: "1#

is associated with each subfamily i[
In the following we consider a single family of cracks characterized by the vector Vł [ This vector

initially written Vł �"9\ VN\ 9# in the local frame of the ply in previous works "Thionnet and Renard\
0882#\ is now able to evolve in such a way to have two non!zero components] Vł �"VT\ VN\ 9#[

4[ Modelling

4[0[ De_nition of the state variables

We choose to write the thermodynamical state function in terms of strains[ The strain tensor o

is therefore taken as a state variable[ Its associated variable is s[ Concerning the damage\ we
choose a � e = d where d is the microcrack density and e the thickness of the cracked ply[ Former
studies "Renard et al[\ 0882# based on an analysis of experimental or theoretical results "Reifsnider\
0866^ Highsmith and Reifsnider\ 0871^ Lee et al[\ 0878# have shown that this parameter accounts
well for the e}ects of the damage in composite laminates[ Its associated variable is denoted as A[

The mesoscopic strain and the damage variable are not enough to characterize the damaged
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material[ Indeed\ it is necessary to introduce supplementary internal state variables describing
tangential ððuTŁŁ and normal ððuNŁŁ displacement discontinuities induced by microcracks[ Leguillon
et al[ "0871# show that a _nite number of variables is enough to characterize the cracked material[
On this basis\ we de_ne two independent internal mesoscopic variables characterizing the geometry
of the microcrack lips] m called mode and r called radius[ The associated variables respectively
with m and r are noted M and R[ Thus]

State variables Associated variables
o s

a A
m M
r R

We will see the exact de_nition of the quantities m and r in the next section[
Before that\ it is important to make the following remark[ The vector Vł characterizing the

microcracks network is used as an intermediate variable which help to write of the state function
and not as a state variable[ Thus\ the components VN and VT depend on the internal state variables]
VN � VN"a\ m\ r# and VT � VN"a\ m\ r#[ However\ the value of the damage variable should not
a}ect explicitly the direction of the damage vector but only the behaviour of the material[ Therefore
it is necessary "and su.cient# to take VN and VT with the following form]

VN"a\ m\ r# � f "a#UN"m\ r# and VT"a\ m\ r# � f "a#UT"m\ r#[ "2#

4[1[ A de_nition of the loadin` mode in dama`e mechanics

To de_ne m and r two solutions are possible]

, either we know the discontinuities ððuNŁŁ and ððuTŁŁ\ i[e[ we have access to a description and an
identi_cation at the microscopic level[ Then\ we are able to calculate m and r by a micro!meso
procedure[ This is for example the case when we are in the framework of in_nite media "Andrieux\
0872#^

, or we do not know the discontinuities ððuNŁŁ and ððuTŁŁ\ i[e[ we do not have access to a description
and an identi_cation at the microscopic level[ Then\ we are not able to calculate m and r by a
microÐmeso procedure[

As we suppose in the second case\ de_nitions of m and r have to be done at the mesoscopic level[
We de_ne m as a scalar that describes\ in the local frame of the ply and at the mesoscopic level\

the opening mode of the microcracks[ It represents for damage mechanics\ the known notion of
loading mode in fracture mechanics[ In reference to the usual language\ this notion should be]

, equal to 0 in the case where the loading on the microcracks network is such that the discontinuity
of the tangential displacement is zero "mode 0#^

, equal to 1 in the case where the loading on the microcracks network is such that the discontinuity
of the normal displacement is zero "mode 1#^

, equal to all intermediate values in mixed cases[

We de_ne r as a scalar that describes\ in the local frame of the ply and at the mesoscopic level\
the space between the microcracks lips[
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Fig[ 1[ Microcracks due to a shear loading "Purslow\ 0870#[
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These de_nitions imply that Vł should require the following imperatives] to possess a single
component in modes 0 and 1\ and two components in a mixed mode[ This implies]

UT"m � 0\ r# � 9 and UN"m � 1\ r# � 9 for all values of r[ "3#

Since the variable m cannot be de_ned for a zero strain state\ it is necessary to choose]

UN"m\ r � 9# � 9 and UT"m\ r � 9# � 9 for all values of m[ "4#

We will see in the identi_cation part that these conditions ensure the continuity of the tensor
behaviour and thus the continuity of the state function[

4[2[ The state function

By using a pure mesoscopic approach and then by integration on the representative volume of
the material in order to obtain mesoscopic quantities[ Andrieux "0872# shows that the state function
can be written with two terms\ the origins of which are distinct[ The _rst one\ 8\ corresponds to
the elastic energy stored by the equivalent material[ The second one\ f\ a function only of the
internal variables describing discontinuities\ corresponds to the elastic energy stored in the form
of self!stress induced by discontinuities of displacement of the microcracks[ Thus\ we write at the
mesoscopic level\ the free energy function in the following form]

c � c"o\ a\ m\ r# � 8"o\ Vł "a\ m\ r##¦f"m\ r#[ "5#

In our case\ taking into account the hypothesis on the residual stresses\ f is equal to zero] no energy
remains inside the material when the strain is equal to zero[ However\ for further development\ this
term will be kept[

The main problem in the constitutive equation formulation is to take into account the symmetries
of the material[ Due mainly to Pipkin and Rivlin "0848# and Boehler "0876#\ the standard techniques
to deduce implications of symmetries consist of showing polynomial quantities which are built
from chosen quantities invariant to the group of transformations respecting the symmetries of the
material[ In the case of orthotropic materials\ the invariant quantities built with the strain tensor
and the damage vector are "using Voigt| notation#]

o0\ o1\ o1
5\ V1

0" � V1
T#\ V1

1" � V1
N#\ V0V1o5 "6#

8 is then written as a polynomial of these invariants by combining them to obtain damageable
linear elasticity[ Thus\ we write]

8 � 89"o#¦8N"o\ VN#¦8T"o\ VT#¦8NT"o\ Vn\ VT# "7#

where]

F

H

H

H

g

H

H

H

f

89"o# � A0o
1
0¦A1o

1
1¦A2o0o1¦A3o

1
5 � F9"o#

8N"o\ VN# � "B0o
1
0¦B1o

1
1¦B2o0o1¦B3o

1
5#V1

N � FN"o# � FN"o#V1
N

� FN"o# f 1"a#U1
N"m\ r#

8T"o\ VT# � "C0o
1
0¦C1o

1
1¦C2o0o1¦C3o

1
5#V1

T � FT"o#V1
T � FT"o# f 1"a#U1

T"m\ r#

8NT"o\ VN\ VT # � "D0o0o5¦D1o1o5¦D2o
1
5#VNVT � FNT"o#VNVT

� FNT"o# f 1"a#UN"m\ r#UT"m\ r#[

"8#

If we note]
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C9 � 2
1A0 A2 9

A2 1A1 9

9 9 1A3
3\ CN � 2

1B0 B2 9

B2 1B1 9

9 9 1B3
3\ CT � 2

1C0 C2 9

C2 1C1 9

9 9 1C3
3 \

CNT � 2
9 9 D0

9 9 D1

D0 D1 D2
3 "09#

we can write]

c"o\ a\ m\ r# � 0:1ðC9
ij¦f 1"a#"CN

ij U
1
N"m\ r#¦CT

ijU
1
T"m\ r#¦CNT

ij UN"m\ r#UT"m\ r##Łoioj

� 0:1Cij"a\ m\ r#oioj[ "00#

The tensors CN\ CT and CNT represent the in~uence of the damage and the in~uence of its
direction on the behaviour[ They show precisely which components of the behaviour are sensitive
to any particular direction of the damage[ We observe that the geometry of the defect adds only a
weak anisotropy in comparison with the initial material] due to the term CNT the initial orthotropy
becomes monoclinic[

4[3[ State laws

Since c is a function of the state variables o\ a\ m and r whose conjugate variables are respectively
s\ A\ M and R\ we have]

dc �
1c

1o
do¦

1c

1a
da¦

1c

1m
dm¦

1c

1r
dr � s do¦A da¦M dm¦R dr[ "01#

By identifying term to term the two previous expressions\ we obtain the state laws[ Thus]

"a# s �
1c"o\ m\ r#

1o
� ðC9¦f 1"a#"CNU1

N"m\ r#¦CTU1
T"m\ r#¦CNTUN"m\ r#UT"m\ r##Ło

� C"a\ m\ r#o "02#

"b# A"o\ a\ m\ r# �
1c"o\ a\ m\ r#

1a
�

0
1

1Cij"a\ m\ r#
1a

oioj

� f "a#f ?"a#"CN
ij U

1
N"m\ r#¦CT

ijU
1
T"m\ r#¦CNT

ij UN"m\ r#UT"m\ r#oioj "03#

"c# M"o\ a\ m\ r# �
1c"o\ a\ m\ r#

1m

� f 1"a# $FN"o# = 1UN"m\ r#
1UN"m\ r#

1m
¦FT"o# = 1UT"m\ r#

1UT"m\ r#
1m

¦FNT"o# = 6UT"m\ r#
1UN"m\ r#

1m
¦UN"m\ r#

1UT"m\ r#
1m 7%¦

1f"m\ r#
1m

"04#
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"d# R"o\ a\ m\ r# �
1c"o\ a\ m\ r#

1r

� f 1"a# $FN"o# = 1UN"m\ r#
1UN"m\ r#

1r
¦FT"o# = 1UT"m\ r#

1UT"m\ r#
1r

¦FNT"o# = 6UT"m\ r#
1UN"m\ r#

1r
¦UN"m\ r#

1UT"m\ r#
1r 7%¦

1f"m\ r#
1r

[ "05#

4[4[ Evolution laws

Using the free!energy\ we get the ClausiusÐDuhem inequality]

so¾−c − 9 for all evolution of the system[ "06#

Thus\ any restriction is imposed to the state variables except for damage which describes an
irreversible phenomenon[ Then] a¾ − 9[ In consequence\ taking into account the state laws\ we get]

−A"o\ a\ m\ r#a¾−M"o\ a\ m\ r#m¾ −R"o\ a\ m\ r#r¾ − 9 [a¾ − 9\ [m¾ \ [r¾[ "07#

Since we consider the case where the microcracks are opened or the friction between their lips
is non!existent\ the variables m and r are non dissipative[ That means]

M � 9 and R � 9[ "08#

Finally\ the inequality of ClausiusÐDuhem reduces to]

−A"o\ a\ m\ r#a¾ − 9 [a¾ − 9[ "19#

4[4[0[ Dama`e evolution law
According to eqn "19#\ we write the damage development law with a convex criterion c"o\ a\ m\ r#

by using a damage threshold and the consistency hypothesis[ We choose]

c"o\ a\ m\ r# � Ac"a\ m\ r#−A"o\ a\ m\ r# ¾ 9 "10#

where Ac"a\ m\ r# is the damage threshold[ Setting c"o\ a\ m\ r# � 9 and dc"o\ a\ m\ r# � 9 during
damaging\ we get]

da � −

11c"o\ a\ m\ r#
1a1oi

doi¦0
11c"o\ a\ m\ r#

1a1m
−

1Ac"a\ m\ r#
1m 1 dm

¦0
11c"o\ a\ m\ r#

1a1r
−

1Acc"a\ m\ r#
1r 1 dr

11c"o\ a\ m\ r#

1a1
−

1Ac"a\ m\ r#
1a

"11#

Comparing with former studies\ the dependence of the damage threshold versus the variables m
and r takes into account the fact that the necessary energy for the creation of a crack is di}erent
according to the loading mode[
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4[4[1[ Consequences of the non!dissipative character of the variables m and r
As a _rst step\ using eqns "04# and "05# and the non!dissipative character of m and r\ eqn "08#\

we can state from the implicit functions theorem that "locally#] m � m"o\ a# and r � r"o\ a#[ If a is
constant\ we _nd as already demonstrated by Andrieux "0872# that the internal variables describing
the discontinuities due to the presence of the microcracks are functions of the mesoscopic state of
strain[

5[ Identi_cations

5[0[ Identi_cation of m and r

The goal of this section is to _nd an analytic expression m"o\ a# and r"o\ a#[ To simplify\ we
assume that the strain o0 has no in~uence on the appearance of the damage[ Finally\ that means]

, the yield between traction and compression of microcrack lips is o1 � 9^
, the failure by the opening of the microcrack lips "mode 0# is exclusively due to o1^
, the failure by the sliding of the microcrack lips "mode 1# is exclusively due to o5[

By taking inspiration from a form of a failure criterion\ where the quantities oc
1"a# and oc

5"a# are
the failure strain of the equivalent material\ eventually depending on the damage and k"a# � oc

1"a#:
oc
5"a#\ the variables m and r are de_ned with the following form]

if o1 − 9] m"o\ a# �

1o1
5¦

o1
1

k1"a#

o1
5¦

o1
1

k1"a#

and r"o\ a# � r"o# � zo1
1¦o1

5

if o1 ³ 9] m"o\ a# � 1 and r"o\ a# � r"o# � zo1
5[ "12#

The value m � 1 means that the microcracks are loaded in pure shear mode\ i[e[ their lips are
closed[ This is also the case when they are in compression[ Therefore\ m � 1 characterizes\ at the
mesoscopic level\ a microcracks network under shear "r � 9#\ compression "r � 9# or sim!
ultaneously shear and compression "r � 9#[ We observe]

, if o1 � 9 and o5 � 9 then m"o\ a# � 0 [ o1k"a#^
, if o1 � 9 and o5 � 9 then m"o\ a# � 1 [ o5 [ k"a#^
, if o1 � o5 with k"a# ³ 0 then m"o\ a# ³ 0[4 "if k"a# : 9\ m"o\ a# : 0#[ This indicates that a material

more brittle in tension than in shear\ submitted to equal loadings along these two directions\ is
going to fail in tension] the surfaces of the microcracks move apart and are loaded in a mode
close to 0^

, o1 � o5 with k"a# × 0\ then m"o\ a# × 0[4 "if k"a# : ¦�\ m"o\ a# : 1#[ This situation is opposite
to the above case\ i[e[ the surfaces of the microcracks are sheared and therefore loaded in a mode
close to 1^

, o1 � o5 with k"a# � 0\ then m"o\ a# � 0[4[ This is the limit case of the two preceeding cases where
material is isotropic] therefore it is normal to _nd the median value of 0 and 1[
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These above remarks con_rm the legitimacy of the choice of the expressions of the function m and
r[

5[1[ Numerical identi_cation of the behaviour tensor

The tensor CN is the sti}ness loss due to the component VN of the damage vector\ when the
microcracks are opened but not slid] thus B3 � 9[ The tensor CT is the sti}ness loss due to the
component VT of the damage vector\ when the microcracks are submitted to a shear but are not
opened] thus C0 � C1 � C2 � 9[ The behaviour tensor is written therefore]
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When m � 1\ this allows us to e}ectively take into account the unilateral e}ect of the damage[ We
get]

C � C9¦f 1"a# 2
9 9 9

9 9 9

9 9 1C3U
1
T"m � 1\r# 3 [ "14#

As the variables m and r are now de_ned\ an important remark concerning the behaviour tensor
can be made[ The cracked medium homogenization "Leguillon and Sanchez−Palencia\ 0871#
shows]

, that the behaviour of the equivalent material has to depend on the direction of the stress tensor[
The dependence of this magnitude appears here with m^

, that the behaviour of the equivalent material does not depend on the amplitude of the stress[
However a dependence of this magnitude appears here with r[

In fact\ determining the cracks are opened or closed has no physical meaning[ Indeed\ local
roughness or scraps that can _ll the space between the crack lips induce a progressive restoration
of the properties of the material[ Especially\ the tangent behaviour has to be continuous from
tension to compression[ This variable r allows this condition to be satis_ed[ In conclusion\ the
e}ect of r is important when o1 reaches 9[ Other\ it has to be weakened[ For instance\ we can
choose]

UN"m\ r# � hN"m#jN"r#^

UT"m\ r# � hT"m#jT"r#

jN"r# � jT"r# � j"r# � 0−e−xr\ with x a large positive real[ "15#
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Thus\ we _nd that except for the vicinity of the point of zero strains\ the behaviour depends on
the orientation of the stress tensor\ i[e[ on m\ and not too much on r[ Therefore\ we can write]

C � C9¦"0−e−xr#1f 1"a# 2
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"16#

Finally\ the complete identi_cation of the functions hT"m#\ hN"m# and f"a# and of the coe.cient
B0\ B1\ B2\ C3\ D0\ D1 and D2 is realized by smoothing the results of homogenization calculations
on a representative cell of the damaged material "Thionnet and Renard\ 0882#[

This homogenization step allows us also to show that the e}ect of a microcrack is very localized[
In particular\ the presence of the crack does not a}ect signi_cantly the state of stress of the
neighbouring plies[ This important point justi_es completely the replacement of the damaged
material by an equivalent homogeneous one[ At least\ it is necessary to point out that\ although m
is a discontinued function\ the e}ect of r\ eqns "4# and "15#\ allows the continuity of the tensor C\
eqn "16#\ and then of the free energy[

5[2[ Identi_cation of the dama`e threshold

The identi_cation process of the threshold Ac"a# is identical to former studies "Thionnet and
Renard\ 0882#[ It is necessary to get the experimental curve of crack density versus the applied
stress on a well chosen laminate[ If we wish to take into account that the necessary energy to create
a crack depends on the loading mode\ we need experimental information where the crack density
is given for plies submitted to di}erent values of m " for examples on sequences ð9>\ 89>Łs\ ð9>\229>Łs\
ð9>\234>Łs and ð9>\259>Łs#[ Then\ by an inverse procedure\ by giving the experimental crack density
evolution\ we calculate the variable A and we write that during the damage process A � Ac[ A
_tting of these results provides the function Ac"a\ m#[

6[ Schematic functioning of the model

We wish now to give a qualitative overview of the model[ For this reason\ the units of the axes
are voluntarily left out[ The behavior of the model is studied by considering responses which may
arise[ Thus\ we choose hN"m# � 1−m and hT"m# � m−0\ f"a# � a0:7 and D0 � D1 � 9 and the
expression of the threshold Ac "i[e[ the damage evolution law#[

We _xed the path of strain "Fig[ 2a# to be applied to the element of the representative volume
of the material[ Figure 2b shows the induced evolutions of r and m[ Finally\ Fig[ 2c gives responses
of the behaviour law in terms of stress:strain curves[

Between times t � 9 and t � 4\ we impose a positive increasing strain o1[ The microcracks are
loaded in mode 0 "opened lips] m � 0#[ The responses s0:o1 and s1:o1 are non!linear because of the
growth of the damage[
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Fig[ 2[ "a# Applied strains and damage evolution[ "b# Evolutions of m and r[

Between t � 4 and t � 04\ we impose a decreasing strain o1[ The responses s0:o1 and s1:o1 are
linear "damageable elasticity#[ When o1 becomes negative " from t � 09#\ the microcracks are closed
"m � 1# and the material recovers its initial properties[

Between t � 04 and t � 19\ we impose a negative decreasing strain o5 "o1 remains constant#[ The
damage threshold is not immediately reached but only from t � 06[4[ From this moment\ the
response s5:o5 is linear "with a degraded modulus with respect to the initial material\ since a damage
has already been created by applying of the preceeding strain# and non!linear after[

Between t � 19 and t � 29\ we impose an increasing strain o5 "o1 remains constant#[ The damage
threshold being reached only from t � 17\ the response s5:o5 is linear until this time[ Then\ the
damage increases\ and the response s5:o5 becomes non!linear[ When o5 � 9 the value of the shear
modulus is di}erent from its initial value because the unilateral condition of damage does not
a}ect this modulus[
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Fig[ 2[ "c# Stress:strain response[
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Fig[ 3[ Simulation on the ð9>1\ 89>1Łs stacking sequence[

Between t � 29 and t � 39\ the strain o5 decreases to zero[ The damage is constant and the
response s5:o5 is linear[

Between t � 39 and t � 49\ we increase the strain o1[ The microcracks are loaded in mode 1 and
then the fracture surfaces are closed "m � 1#\ because the strain is not positive "until t � 34#[
Afterward\ they are loaded in mode 0 "m � 0#[ Even if the damage is now constant\ since it has
evolved previously\ the responses s0:o1 and s1:o1 are linear but show a weaker modulus than at the
end of the _rst application of o1[

7[ Application to a composite material

We propose an application of the model to a carbon:epoxy composite[ The experimentally and
numerically tested volume element is a thin plane plate[ The loading is uniaxial and applied along
the axis of the specimen[ Two stacking sequences ð9>1\ 89>1Łs and ð59>1\ 89>1Łs are used[ The _rst one
is also used for the identi_cations of the model[ For each of the plates "Figs 3Ð4#\ we calculate]

, the responses oT−oL:sL of the specimen "oT] transverse strain\ oL] longitudinal strain\ sL] applied
longitudinal stress#^

, the evolution of the microcrack density within the plies versus sL[

Unfortunately\ the authors could not _nd tests where simultaneously]

, the material and the geometry of the specimen are in the framework of the study^
, the transverse and longitudinal responses are measured^
, a compression loading is realized[

The reason is that for this type of structure\ buckling appears very fast during the compression[
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Fig[ 4[ Simulation on the ð59>1\ 89>1Łs stacking sequence[

Simulations cannot therefore be compared to experiments in the compression domain[ We compare
our numerical results to the experimental tests made by Jeggy "0889#[

Concerning the ð9>1\ 89>1Łs stacking sequence]

, the in~uence of damage on the response oL:sL is not signi_cant[ This allows us to explain why
we could not distinguish between the damaged and the restored slopes "Fig[ 3#^

, the in~uence of the damage on the response oT:sL is substantial[ We clearly observe the di}erence
between the damaged and the restored slopes "Fig[ 3# which is exactly equal to the initial slope[
This is linked to the compression path which in the case of the 89> ply coincides with the complete
closing of all the microcracks[

Concerning the ð59>1\ 89>1Łs stacking sequence]

, the in~uence of the damage on the response oT:sL is not signi_cant[ This allows us to explain
why we could not distinguish the damaged and the restored slopes "Fig[ 4#^

, the in~uence of the damage on the response oL:sL is substantial[ We observe clearly the di}erence
between the damaged and the restored slopes "Fig[ 4#[ However\ the restored slope is not exactly
equal to the initial slope[ This is due to the fact that the initial shear modulus of the 59> ply is
never recovered and contributes to the global rigidity of the laminate[ The restored slope is
therefore weaker than the initial slope[ However this di}erence is not important on the _gure[

8[ Conclusion

We propose a model which takes into account the unilateral character of the damage linked to
the application of compression loading on a microcracked material[

The originality of the study is _rst to use two internal non dissipative variables "m and r# that
characterize the displacement discontinuities of the surfaces of the microcracks at the mesoscopic
level[ Then\ these two variables allow us to write a single state function for compression and
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tension states[ The symmetry of the behaviour tensor is then established[ It is the same for the
continuity of the stress:strain responses[

The two variables m and r de_ne the loading mode in damage mechanics like in fracture
mechanics and allows to take into account the unilateral character of the damage[ Among all the
hypotheses\ the most important one supposes that the defects develop into preferential directions[
This limits the additional anisotropy induced by the damage[ Thus\ this model can be essentially
applied to strongly anisotropic materials[
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